In this work we report on a single photon detector system which offers near-unity detection efficiency using waveguide-coupled superconducting nanowires with lengths on the order of 1 μm. This is achieved by embedding the nanowires in a racetrack resonator where the interaction time with the photons trapped in the cavity is increased, thereby allowing for shorter nanowires. We expect this to lead to a higher fabrication yield as the amount of inhomogeneities decreases for shorter nanowires. Our simulations show a system with a 1 μm long superconducting nanowire single photon detector (SNSPD) operating at near-unity detection efficiency using design parameters that can be realistically achieved with conventional fabrication processes. The resonant cavity introduces spectral selectivity to the otherwise broad-band SNSPDs and the cavity induced timing jitter is shown to be insignificant for SNSPDs longer than 1 μm.
Introduction
Single photon detectors (SPDs) are one of the fundamental building blocks of quantum photonic devices [1] . The performance of SPDs is especially critical if complex architectures such as multiplexed single-photon sources are considered [2] , where detectors are used to herald single photons. Semiconductor materials, in particular silicon, are promising technological platforms for implementing complex quantum photonic devices. This is due to several factors including the high mode confinement achieved in waveguides, the existence of the fundamental building blocks for the generation and manipulation of light quanta, and the availability of a robust semiconductor industry capable of producing high-quality and highyield devices [3] . The transmission in silicon waveguides peaks at infrared (IR) wavelengths, limiting the use of traditional semiconductor-based detectors. Superconducting nanowire SPDs (SNSPDs) are one of the best all-around candidates, offering high count rates along with low dark-count rates and low jitter [4] [5] [6] . SNSPDs are compatible with planar fabrication technologies, and can be made using niobium-based materials. These materials are well studied and already popular in the rapid single flux quantum (RSFQ) industry [7] . Niobium nitride (NbN) thin films are relatively easily accessible and have a superconducting transition temperature well above 4.2 K, allowing the use of both 4 Helium-based and cryogen-free cryostats.
Despite their many advantages, high-efficiency NbN SNSPDs are subject to very low fabrication yields [8] [9] [10] [11] [12] . The low yield of SNSPDs forces researchers to hand-pick the best devices from a batch [13] . In order to address this drawback, automated pick-and-place systems are required for high complexity circuits [14] . Detection efficiency of SNSPDs is correlated with length, such that nanowires of several hundreds of microns required to obtain high efficiencies [15] . However, with increasing SNSPD length the probability for defects increases. Thin NbN films suffer from imperfections [16, 17] that reduce the critical current in nanowires and hence the SNSPD efficiency. These imperfections can be due to a number of reasons such as the lack of a monocrystalline structure arising from the deposition/growth process and patterning inhomogeneities. In addition, thinner NbN films present intrinsically lower transition temperatures further lowering critical current values [18] , which makes the operation of the SNSPD more difficult. An alternative solution is the use of amorphous superconductors that are less prone to structural inhomogeneities, such as WSi [19] , MoSi [20] [21] [22] and MoGe [22] yet at the cost of even lower operating temperatures and lower signalto-noise ratios.
In commercial SNSPD systems, light is coupled from above onto a detector area consisting of a meander nanowire [23] . An alternative approach integrates SNSPDs in waveguide structures [24] [25] [26] . In such designs, the photon travels along a waveguide (WG) with an SNSPD directly above, leading to an increased interaction length of photon and nanowire. Since the absorption probability in such a system grows exponentially with length, near-unity detection efficiency can be achieved. Efficiencies above 90% have been reported with SNSPDs as short as 20 µm [25] . This nanowire length is significantly shorter than in the case of commercial top-coupled detectors. An additional advantage of WG coupled SNSPDs is the ability to implement SPDs in photonic circuits.
The implementation of detectors in optical cavities has been shown to improve efficiency for top-coupled devices by increasing the interaction time of the photon with the detector region [19, 27] . Correspondingly, an optical cavity for WG-coupled SNSPDs increases the interaction length, further decreasing the requirement for long nanowires. Recently, results on the integration of a WG coupled SNSPD inside a photonic-crystal cavity have been reported [28] , demonstrating a highly efficient SNSPD with a length of only 8.5 µm. Furthermore, the use of a ring cavity has shown efficiency enhancement for photodiodes [29, 30] .
In this study, we propose a design that exhibits enhancement in both the detection efficiency and the fabrication yield of WG-coupled SNSPDs. This is achieved through the integration of a WG coupled SNSPD in a WG racetrack cavity. The cavity can be tuned to achieve resonance for any SNSPD size, maximizing the detection probability. This enables high detection efficiency for short SNSPDs. As discussed above, shorter nanowires are expected to suffer less from imperfections and hence present a higher fabrication yield. Furthermore, a shorter SNSPD provides a smaller area where possible dark counts could arise, and the dark count rate could therefore be strongly suppressed. In addition to the improvement of the detection probability, the configuration adds spectral dependence to the otherwise broad-band SNSPDs, allowing the design of integrated photonic spectrometers. In our study, we use an analytical model and support the results with numerical simulation data and find optimal as well as realistic design values.
Design and simulation model
This study examines an SNSPD in a cavity, the results are valid for any cavity type. A racetrack resonator was chosen as a representative cavity type, as it is common due to its fabrication ease, compatibility with standard photonic elements and the use of a single interface with the bus WG.
Our proposed cavity design can be seen in Fig. 1(a) . It consists of a WG racetrack resonator containing a region with an integrated SNSPD and a bus waveguide. Light is coupled in and out of the resonator in the coupling region, interfering destructively in the output of the bus waveguide under critical coupling conditions and at resonance frequency. The detection efficiency reaches its peak value at critical coupling, where the losses within the cavity balance the coupling losses. In this case, single photons are trapped inside the cavity and remain there until either lost in the waveguide or absorbed by the nanowire, leading to near unity detection efficiency at resonance frequency.
We considered silicon-on-insulator (SOI) waveguides of 0.5 µm by 0.22 µm cross section, on a 1 µm thick SiO 2 slab. This waveguide is optimized for the fundamental transverse electric (TE) polarization mode. The refractive indices for silicon and SiO 2 were obtained from a commercial-grade simulator eigenmode solver and propagator [31] . The SNSPD consists of two 4.5 nm thick, 100 nm wide parallel NbN wires separated by 100 nm and centered on top of the waveguide. The dielectric constant of NbN was set to 5.23 + i5.82 based on [32] and was assumed constant within the studied wavelength range of 1545 nm -1560 nm. The resonator was implemented as a racetrack cavity with a directional coupler in the coupling region. This allowed tuning of the transmissivity between 0 and 1 by changing the interaction length and the separation between the bus waveguide and the cavity. For all simulations the fundamental quasi-TE fundamental mode was considered. This structure was studied in two ways: analytically and numerically by looking at critical coupling conditions [33] , and the results are compared. The SNSPD was modelled as two parallel, equally long nanowires which are not connected to each other or to electric pads. Loss due to reflections, caused by connecting the two nanowires and introducing a 90 degree bend towards the edge of the waveguide for electrical connections, was also studied. This was done by dividing the SNSPD into different areas of refractive indices and estimating resulting reflections. We found that the highest expected reflections are 0.004% which are negligible and therefore not included in the model.
To clarify terminology, the region with the two parallel nanowires that represent the SNSPD will hereafter be referred to as the nanowire region. Nanowire length will correspond to the length of the nanowire region. The system composed of the cavity and the SNSPD, will be referred to simply as the detector.
The analytical model has been implemented using MATLAB to estimate the evolution of the field intensity in the cavity. The model follows the schematic shown in Fig. 1(a) , with the nanowire region lying inside the racetrack resonator. Light in the input port in E reaches the coupling region of the resonator where a fraction stays in the bus waveguide after interfering with light exiting the cavity, out E , and a fraction of the light goes into the racetrack, 0 E . 0 E describes the light entering the resonator, and L E the light after one roundtrip of length L where some light has been absorbed in the nanowire region and some lost due to scattering in the waveguide. The effect of the nanowires is modelled as a waveguide section with a corresponding effective refractive index. This takes into account the absorption of light and also the possible phase changes induced by the nanowires. Moreover, waveguide losses are included in the imaginary part of the refractive index.
The output field of the racetrack resonator for a single wavelength, λ, can be expressed [34] as:
where r represents the reflection coefficient of the coupling region, α the transmission coefficient inside the racetrack, and ( ) . The total power absorbed inside the racetrack is calculated by comparing the input and output power in the bus waveguide. In this model, once light is coupled into the cavity, it can only be absorbed in the nanowire region or lost due to scattering in the waveguide, leading to a total absorption probability by the detector of
An estimation of the power absorbed into the nanowires can be obtained from this by subtracting the contribution from waveguide scattering. This is done by calculating the fraction nw F of light absorbed by the nanowires inside the racetrack:
where si beg η , is the scattering probability in the silicon waveguide from the beginning of the resonator until the beginning of the nanowire section, and nw η and si η are the absorption probabilities into the nanowires of the nanowire region and the silicon waveguide for one round trip, respectively. Absorption probabilities of the detector into the nanowires are obtained by multiplying abs, total ( ) P λ with the correction factor for waveguide scattering nw F . We assume 100% internal quantum efficiency for the nanowires and therefore directly relate the absorption probability into the nanowires to the detection efficiency η for a given continuous wave
As mentioned above, the efficiency η is maximized when the light leaving the cavity out E is minimized. This occurs when the system is critically coupled ( r α = ) and phase-matched 
In addition to CW input, pulses with Gaussian frequency distribution are considered as input fields n i E . Since the system is linear and time invariant, we can model the output intensity by using the transfer function describing the system in frequency domain with a specific input pulse [35] . In our study, the input field in E is defined as a Gaussian distribution and the output pulse is calculated using Eq. (1) for a set of frequencies independently. The energy stored in a light pulse can be calculated by integrating the square of the electric field in frequency f leading to an expression for an effective pulse efficiency of:
Single-photon sources based on ring resonators have been shown to generate single photons routinely around 1.55 µm with a full-width at half-maximum (FWHM) in wavelength of 0.1 nm [36] , which is one of the parameters in our simulations for pulse input sources.
Five main parameters are investigated in this study: nanowire length nw L , cavity length L , transmissivity in the coupling region of the resonator T, photon wavelength λ and the FWHM of the photon pulse in the frequency domain. The first three parameters are design and fabrication related. The transmissivity can be obtained from the characteristics of the directional coupler in the case of a racetrack resonator. The other two parameters ( λ and the FWHM) are related to the photon and depend both on the generation mechanism and on the propagation of the photon prior to reaching the detector. In order to confirm the analytical results, the detector was simulated numerically using the variational FDTD solver of a commercial-grade simulator eigenmode solver and FDTD propagator [31] . The amount of light in the output bus waveguide was monitored for different nanowire lengths inside a racetrack resonator. A racetrack length of just below 83 µm was chosen for the ring-cavity. The length of 82.83 µm is the result of two 10 µm bend-radius semicircles and 10 µm long straight waveguide sections, which is a reasonably standard geometry for the fabrication process of a low loss resonator. The cavity has a resonance frequency at 1553 nm. The separation of the bus waveguide and straight section of the resonator is 160 nm, resulting in a simulated transmissivity value for the directional coupler of 0.31. An example of a field intensity plot with a nanowire length of 1.13 µm is shown in Fig.  1(b) .
The variational FDTD simulations are presented only for an 82.83 µm long cavity and nanowire lengths between 0.1 µm and 5 µm. Other cavity systems between 19 µm and 192 µm in size and nanowire lengths of 0.05 µm and 35 µm are investigated using the analytical model. The studied wavelength range includes 1545 nm -1560 nm. CW sources as well as Gaussian pulses of up to 1 nm FWHM are modelled for waveguide losses between −0.5 dB/cm and −4 dB/cm. The results of this analysis are presented in section 3.
Results
The effective refractive indices used in the analytical model were calculated using an eigenmode solver [31] to be eff 2.42 n = and eff 2.41 0.04 n i = + outside and inside the nanowire region, respectively. Various values for scattering losses in the waveguide were investigated, and −2 dB/cm is used as a default value if not mentioned otherwise. Calculation parameters: 83 µm racetrack length, phase matched around 1553 nm, CW input, −2 dB/cm waveguide loss Fig. 2(a) shows the detection efficiency calculated using Eq. (5a) for different nanowire lengths considering racetrack resonator systems with several transmissivity values in the coupler region. The curves are shown in comparison to a nanowire region on a straight waveguide with the same dimensions but without a cavity. Detection efficiencies close to unity can be achieved with shorter nanowire lengths than for a nanowire region on a straight waveguide without cavity. These high efficiencies can be reached due to the increased interaction time between the photon and the nanowires. For a small coupler transmissivity, a short nanowire length ( nw L < 1 µm) is sufficient to obtain near unity efficiency. For each nanowire length there is a certain optimum coupler transmissivity as shown in Fig. 2(b) which was also calculated using Eq. (5a). Detection efficiencies under critical coupling and phase matching conditions increase with nanowire length according to Eq. (5c) as shown in the inset of Fig. 2(b) . This is because a longer nanowire region leads to proportionally less scattering in the waveguide and therefore higher detection efficiencies.
A short nanowire region is desirable as defects scale with length [17] , therefore SNSPDs with short nanowires promise a higher fabrication yield. In addition, short SNSPDs are expected to show reduced dark counts, as a smaller nanowire area decreases the probability of triggering false counts.
We will now investigate the dependence on other parameters of the system, such as the wavelength of the input photon, its spectral width, the size of the cavity and waveguide loss. Figure 3(a) shows the frequency response of the detection efficiency for CW input at critical coupling which was calculated using Eq. (5b). The shape of the detection efficiency is clearly determined by the resonance frequency of the cavity, with sharper peaks for shorter nanowires. This makes our detector attractive as building block for single photon sensitive spectrometers. The width of the efficiency curve and the minimum efficiency at a wavelength off resonance depend on nanowire length. Shorter nanowires show a narrow wavelength response, while the bandwidth increases with longer nanowires due to the effect of the cavity being shadowed by increased loss. The FWHM of the wavelength response versus nanowire length at critical coupling for different racetrack sizes was studied using equation Eq. (5b) and is shown in Fig. 3(b) . The FWHM decreases for larger cavity sizes and shorter nanowire lengths. In the case of an 83 μm ring without nanowires but with loss solely due to scattering, the FWHM of the resonance spectrum is 1.5 pm.
So far the input light has been considered to be CW, however the behavior of a single photon can be modelled more accurately when considering pulses. We therefore studied the response of the detector to pulses with a Gaussian frequency distribution with a FWHM of up to 1 nm and central wavelength around 1550 nm. These results are shown in Fig. 3(c) for a critically coupled system with a 1 µm long nanowire using Eq. (6). The efficiency drops with increasing FWHM of the pulse width. The drop in efficiency is more pronounced for longer rings, which is in accordance with the previously shown narrower frequency response for larger rings. As mentioned above, 0.1 nm is an achievable pulse width for a single photon [36] . For a 0.1 nm FWHM, the efficiency drops by only 0.4% and 1.3% for 30 µm or 83 µm long cavities, respectively, and even less for a FWHM below 100 pm.
Scattering of light inside the waveguide decreases the ultimate detection efficiency. This was calculated under phase matched and critically coupled conditions according to Eq. (5c) and is shown in Fig. 3(d) for an 83 μm long racetrack with a 1 μm nanowire region. Increasing the racetrack size leads to a drop in nanowire absorption as the interaction length between waveguide and photon increases, leading to more loss due to scattering. An increase in loss due to a decrease of bend radius can also be modelled in the same way. However, the results show that even for a relatively high waveguide loss of up to −4 dB/cm, detection efficiencies close to 98% can still be reached.
Trapping the light in a cavity could affect the timing resolution of the detector negatively. If the nanowire length is very short, the photon resides longer in the cavity before being absorbed, which can lead to a decrease in timing resolution. The jitter is a common measure for the timing resolution. It is often defined as the FWHM of the variation in time difference between photon arrival and photon detection. To estimate the effect on the extrinsic jitter due to the cavity, we assume that the system is critically coupled and that the photon is trapped in the cavity before detection. The extrinsic jitter was calculated considering the time between photon arrival in the cavity and its detection (according to the number of measurements within the FWHM for a normally distributed set of measurements) with an effective group index of 4.2 and a cavity length of 30 µm, 83µm and 130 µm. The results for different nanowire lengths are presented in Fig. 4(a) . We can see that the extrinsic jitter increases for racetrack cavities with shorter nanowires, however for nanowire lengths of around 1 µm and above, the time is significantly smaller than typical intrinsic jitter values, which can be as short as 18 ps [25] . Finally, a racetrack resonator of 83 μm in length was simulated numerically for CW light using a varFDTD solver [31] . The simulations were performed for several nanowire lengths between 0.1 µm and 5 µm. For each simulated nanowire length the power in the output waveguide was recorded, which is a measure for the transmission of the system. The results are shown in Fig. 4(b) in comparison to the analytical simulations using Eq. (2) which are in high agreement. The system transmission varies with the nanowire length inside the cavity. At a nanowire length of 1.13 µm the transmission is at a minimum of 0.24%. Around this point critical coupling takes place and the detection probability is maximized. The simulated intensity distribution for this point is shown in Fig. 1(b) .
Discussion
From the results, we conclude that small racetrack sizes give higher efficiencies with a broader wavelength response. Detectors with small racetrack cavities are less sensitive to frequency variance, more tolerant to the spectral width of the incoming photon and experience less contribution to loss from waveguide scattering. All of the aforementioned reasons make small racetrack cavities favorable for high performance and broad band detectors. In reality the size of the cavity is limited by the choice of fabrication technology. In order to achieve adequate transmission in bent structures, the bend radius should not be smaller than 4 µm [37] . This sets a minimum size for the racetrack at > 25 µm, plus potential straight sections of the racetrack. In addition, we conclude that the nanowires should not be much shorter than 1 µm, as systems with very short nanowires are more sensitive to small changes in nanowire length, e.g. due to fabrication tolerances, as shown in Fig. 2(a) . Furthermore, decreasing the nanowire length below 1 µm can have a negative effect on the extrinsic timing jitter, while systems with nanowires of 1 µm or larger lead to an increase of only 2 ps in jitter value for 30 µm long racetracks or 8 ps in case of 130 µm racetrack length. Table 1 shows case studies of different designs and their performance in efficiency, frequency response and jitter. The design with 130 µm racetrack length and 1 µm nanowire length is an example for a detector which is highly wavelength selective. This design is highly narrow-band as shown in Fig. 3(b) , and could be used for spectrometer purposes due to a small FWHM in wavelength response of 0.85 nm. The efficiency at resonance wavelength is 98% for a 50 pm input pulse. At a wavelength detuned from the resonance however, the detector is only responsive in 3% of the cases. Instead, a racetrack length of 82.83 µm is a good compromise, offering high efficiency for pulses for slightly larger pulses, as well as wavelength selectivity. The efficiency for a 1 μm nanowire region and a 100 pm input pulse is 98.7% with 1.3 nm FWHM in wavelength response. Inserting a longer nanowire region decreases wavelength selectivity and therefore 99.8% efficiency can be reached with a 10 µm nanowire region and 0.1 nm pulses. The use of even smaller racetracks and larger nanowires further broadens the wavelength response. For 30 µm a racetrack and a 10 µm nanowire region, pulses as broad as 10 nm result in high efficiencies of 99%. The wavelength response is extremely broad with a FWHM of more than 16 nm. This system is very close to unity efficiency, 99.9%, when used with short pulses of 100 pm. Moreover, a very short nanowire length of 0.2 µm can reach efficiencies of up to 97.7% at resonance when placed in a small racetrack of 30 µm and is highly wavelength sensitive with only 0.2% efficiency off resonance and a narrow FWHM of 0.8 nm in wavelength response. The small cavity size also ensures that the extrinsic jitter of 8.7 ps is not too high, despite the short length of the nanowire region. Depending on the requirement, all designs come with their own benefits regarding resonance bandwidth and nanowire length. In all cases, the extrinsic jitter due to the cavity presence is short, 10 µm nanowire systems add cavity jitters of less than 1 ps. In terms of the electrical characteristics of very short SNSPDs, it is known that the kinetic inductance scales with nanowire length and is therefore expected to be small for short SNSPDs. A small inductance leads to a short SNSPD recovery time [38] which in general is an advantage when high speed operation is desired. However, short recovery times can result in latching issues, a problem that can be addressed with the addition of an inductance in series [39] .
Finally, it should to be mentioned that additional loss inside the cavity will be introduced due to the electrical connections that have to be made to the SNSPD. These connections can be achieved via a bridge structure to the silicon waveguide. Recent results have shown losses for waveguide crossing as low as −0.03 dB [40] , which is not expected to decrease the detection efficiency significantly. The design can be further optimized by placing the SNSPD on an adiabatically widened bend region [41] , minimizing the losses by increasing the effective mode size and hence it's overlap with the bridging structure. Electrical connections can then be made via a cross to the inside of the racetrack, which is expected to reduce the loss even further.
Conclusions
We have presented simulation results detailing the performance of SNSPDs integrated within racetrack resonator cavities. The results illustrate the potential of cavity-coupled photon detectors, in particular waveguide-coupled superconducting nanowire single-photon detectors. Our simulations show that it is possible to achieve efficiency values very close to unity with nanowires as short as 1 µm. This promises to address the yield problem observed in long NbN SNSPDs. In addition, the spectral characteristics of this type of detector match the response of the cavity they are embedded in, allowing for custom-designed spectrometers. Our results agree with the experimental results in [28] , suggesting that by embedding SNSPDs in a cavity it is possible to reach high-efficiency detection with sub-10 µm nanowires. The racetrack resonator suggested in this work benefits from ease of fabrication and compatibility with silicon-on-insulator photonics, as well as even further reduction of nanowire length.
